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“Optical phenomena in various gravitational fields are analyzed and we find that 
the language of classical optics for the ‘equivalent medium’ is as suitable as that 
of Riemannian geometry.” de Felice (1971). 
 
 
 
Abstract 
 
Ultrasonic standing waves in a cylindrical enclosure can achieve very high local 
pressures at the acoustic nodes (~1 MPa). When the acoustic wave passes 
through a phononic crystal comprised of steel and glycerin, there are regions of 
constructive interference resulting in even higher local pressures (~100 MPa). At 
these highly localized pressure points inside the crystal, the equations describing 
the acoustics break down and the mathematics of gravitational fields are more 
appropriate. These pressures are so high as to create optical space singularities, 
analogous to cosmological phenomena. We measure a redshift for light passing 
through this system and describe how the optical space thus created can be 
described by elementary equations of a non-rotating black hole.  
 
 
1. Introduction 
 
Analog models are designed to emulate some dynamics of a real world 
phenomena. Cosmological-scale phenomena can’t be accurately emulated on a 
bench top in a lab. Nonetheless, certain aspects of the phenomena can be 
captured and analyzed in detail. These analog models can then provide insight 
into the large-scale cosmological system. Here we describe an analog black hole 
represented as optical-space singularities in acoustic metamaterials. 
 
In the following we provide a significant amount background material on various 
areas of applied physics and review work in analog cosmological systems. Then 
we connect these areas of physics to describe how to create artificial black holes. 
These artificial black holes exist as optical space singularities. We measure the 
red shift and compute the cosmological equivalent mass/radius ratio.  
 
 
 
 
 
2. Theoretical Background 
 
 
Metamaterials 
Metamaterials are two- and three-dimensional periodic arrangements of matter. 
This periodic arrangement is known as a “crystal” and the “atoms” comprising the 
crystal range in size from submicron to centimeters. The size of the atom dictates 
the wavelength of the “light” that is modulated upon interaction with the crystal. If 
the crystal is comprised of colloidal size particles it is known as a photonic 
crystal. Of course larger metallic “atoms,” even tiny inductor circuits, can be 
arrayed into two-dimensional pattern and that crystal is now a photonic crystal in 
microwave or radio frequency. If the atoms are, for example, marbles or some 
such, the crystal will modulate acoustic waves. It is then known as a phononic 
crystal. We will be describing research with a phononic crystal.  
 
The first comprehensive introduction to metamaterials was by Joannopoulos, 
Meade and Winn (1995) and focused on photonic crystals. The field of photonic 
and phononic crystals quickly took off and we will not attempt to review the 
literature. A recent review is given by, Kadic et al. (2013).  A few years ago we 
conducted a computational survey of two-dimensional phononic crystals for 
band-gap engineering (Rietman and Glynn, 2007). Guenneau et al (2007) also 
review acoustic metamaterials for sound focusing and sound confinement. In 
prior laboratory work, we described experimental work using ultrasonics in liquid 
lenses for tunable optical devices (Higginson et al. 2004). In the work described 
here, we combine these two topics for study of optical space singularities in 
phononic crystals. We induce the singularities using high-frequency sound 
waves. 
 
Optical-Space Singularities 
 In an earlier manuscript we describe a cylindrical lens constructed with a 
piezoceramic tube transducer filled with a dense optically transparent fluid like 
glycerin or mineral oil (Higginson et al. 2004). Inside the device we obtained a 
standing wave best described by Bessel functions of the first kind, where the 
pressure is a function of radius and time:  
 !p(r ,t)= AJ0(kr)sin(ωt) .   Eq [1] 
 
J0 is a Bessel function; k is the wave number, arbitrarily set to 1; and ω is the 
angular frequency, arbitrarily set to 3. A plot of the function (Figure 1) shows a 
decreasing amplitude, or damped, wave with respect to the radius, and 
oscillations in time. As we will see later, this is exactly the same kind of behavior 
observed in a tubular acoustic transducer. In the case of the real world the 
amplitude, A, set arbitrarily set to 5 for this plot, is a function of the applied 
voltage and the characteristics of the transducer. 
 
 
 
Figure 1: Two-dimensional Bessel function showing the amplitude of the acoustic in 
both radius (in a cylindrical transducer) and time.  Like all Bessel functions the central 
peek has the strongest amplitude. After that the peaks diminish like a damped oscillator.  
 
 
If, as shown in Figure 1, there are no obstructions blocking the free standing 
wave, then the modulations of the fluid within the confines of the tube will 
necessarily modulate the density of the fluid and thus cause refractive index 
modulations. These refractive index modulations, as we will show, can be quite 
extreme and warp optical space in analogous ways to black holes and galaxies 
warping space-time.  
 
 
Phononic Crystals 
The basis of phononic crystals dates back to Newton who imagined that sound 
waves propagated through the air in the same way that an elastic wave would 
propagate along a lattice of point masses connected by springs with a force 
constant, ε (Brillouin, 1946). This force constant is identical to the modulus of the 
material. If this is the case we now ask: How would a periodic array of 
mismatched acoustic impedance materials behave? We call this periodic array of 
widely different acoustic materials a phononic crystal. 
 
When an advancing wave front meets a material of very high impedance it will 
tend to increase its phase velocity through that medium. Likewise, when the 
advancing wave front meets a low impedance medium it will slow down. We can 
exploit this concept with periodic arrangements of impedance-mismatched 
elements to affect acoustic waves in a crystal – a phononic crystal. 
 
 
For inhomogeneous solids the elastic wave equation is given by 
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  Eq [2] 
 
where ui is the ith component displacement vector. The subscript j is the 
reference to the medium (medium 1 or medium 2); λ and µ are known as the 
Lame coefficients, ρ is the density and the longitudinal and transverse speed of 
sound are given by  
 !cl = (λ +2µ)/ρct = µ /ρ   
The Lame coefficients can be expressed as Young’s modulus E.  
 !Et = ρct2 = µEl = ρcl2 = λ +2µ  
 
 
 
Figure 2: Screen dump form finite element simulation of steel balls in glycerin 
surrounded by a circular acoustic transducer. The figure on the left shows a ring 
transducer packed with steel balls and glycerin. The figure on the right shows the same 
ring without steel balls but filled with glycerin. The acoustic pressure is on an arbitrary 
scale. As seen on the scale, the difference in magnitude for the acoustic pressure 
between the two simulations is about three orders of magnitude. 
 
When a phononic crystal is inserted into the acoustic tube the acoustic wave will 
be massively distorted through constructive and destructive interference. Figure 
2 is from a finite element simulation of a phononic crystal composed of steel balls 
in glycerin. The circular surrounding is a tubular transducer. Notice there are 
irregularly spaced high-pressure nodes; not at all like the Bessel function 
described in Figure 1.  
 
In a linear standing wave (not in the tubular device) the pressure nodes from the 
acoustic wave produces acoustic radiation force Fac on the secondary-phase 
(particles) elements according to: 
   Eq. [3] 
where, p is the pressure, k is the wave number, x is the position, ρ is the fluid 
density, c is the speed of sound in that fluid phase, and X is the acoustic contrast 
factor given by: 
   
 
where Λ is the ratio of particle density to fluid density and σ is the ratio of the 
speed of sound.  
 
For a three-dimensional acoustic field the acoustic radiation force as developed 
by Gor’kov’s (1962): 
   Eq. [4] 
U is the field potential and the radiation force is given by . Our 
interests in this function is when , essentially a singularity, then the 
acoustic field   an unrealistic situation in normal conditions. But inside 
the phononic crystal, because of constructive interference, the pressures can 
become very large, though not infinite. 
 
Because the pressures, and the field force are so large the conventional theory 
breaks down. Essentially we have a singularity best described by theories of 
cosmology, in particular the physics of black holes. We now briefly review the 
analogies between metric space and optical space. 
 
 
Metric space and optical space 
To describe the metric signature transitions in metamaterials we follow 
Smolyaninov and Narimanov (2010). The Klein-Gordon eigen-equation of motion 
in a quantum scalar field on some space-time is:  
!Fac = XπRp3k p2ρ f c f sin(2kx)
!X = 13 5Λ−21+2Λ − 1σ 2Λ⎡⎣⎢ ⎤⎦⎥
!U =Vo p
2(x , y ,t)2ρ f c f2 f1 − 3ρ fυ2(x , y ,t)4 f2⎡⎣⎢⎢ ⎤⎦⎥⎥!Fac = −∇(U)
!p→∞
!U→∞
 !∂2ϕ∂xi2 =m2ϕ  . 
This is a momentum equation and can be written for a flat (2+2) four-dimensional 
2T spacetime as the expanded Klein-Gordon equation (Lancaster and Blundell, 
2014) in coordinate space as: 
 ! ∂2∂x12 + ∂2∂x22 − ∂2∂x32 − ∂2∂x42⎛⎝⎜ ⎞⎠⎟ϕ =0   Eq. [5] 
and in momentum or k-space as: !(−k12 −k22 +k32 +k42)ϕk =0 . This is the so called 
(2T) representation and given the signature of (-,-,+,+).  
 
When the permittivities, ε  , are all equal, we have the wave equation: 
 ! − ∂2E
!"
c2∂t2 = 1ε#∇!" ×∇!" ×E  . Eq. [6] 
If we define the scalar extraordinary wave function as !ϕ = E  then we get the 
following form for the electromagnetic wave equation: 
 ! ∂2ϕc2∂t2 = ∂2ϕε1∂z2 + 1ε2 ∂2ϕ∂x2 + ∂2ϕ∂ y2⎛⎝⎜ ⎞⎠⎟  . Eq. [7] 
The analogies with phononic crystal elastic wave equation should now be clear. 
These analogies between elastic and electromagnetic systems have been 
reviewed rigorously by Peng (1973) and Sigalas et al. (2005).  
 
The distortions of the optical space created by high-pressure modulations in the 
fluid, specifically at the eigen nodes in the phononic crystal (e.g. Figure 2), create 
an effective hyperbolic space describe identically with a Weiserstrass function 
(Baumann, 1996) or by conventional optical dispersion relations (Hecht, 2002). 
Hyperbolic spaces are discussed in some detail, by Penrose (2004). Figure 3 
shows a  general comparison of the hyperbolic space and optical space. The 
scale on the hyperbolic space is arbitrary. Whereas the scale on the diagram of 
optical space is refractive index versus incident angle from zero to π radians with 
η0 set to 1.473, the room temperature refractive index for glycerin.  
 
Figure 4 shows a model of a hyperbolic surface computed with the Weierstrass 
function. In one-dimension this function is: 
 
 !f (x)= sin(πkax)πkak=1∞∑   Eq. [8] 
 
As seen in Figure 4, this is not exactly a well-behaved function. It is differentiable 
only on a set of points of measure zero (Bailey et al, 2007). There are deep wells 
in the surface very similar to the pressure nodes in the phononic crystal. But of 
course this is not the same phenomena, and only a pointer to the actual acoustic-
fluid dynamics taking place in the phononic crystal. 
  
 
 
Figure 3: Simulations showing the hyperbolic surface similarity between optical space 
and Minkowski space-time. The optical space was computed for glycerin as the acoustic 
transfer medium. 
 
 
 
 
 
Figure 4: Simulation of a three-dimensional hyperbolic surface showing warping of the 
space-time by large masses. The gaps on the surface are due to the fact that the 
function is not smoothly differentiable. Nonetheless, the overall persistent homology on 
the manifold is clearly seen. 
 
 
Review of analog cosmological models 
 
We now review some of the fascinating work that has been reported on creating, 
in the laboratory, cosmological analogs. Surprisingly there has been a great deal 
of work on analog models of cosmological phenomena. An edited book (Novello 
et. al. 2002) reviews artificial black holes. The “systems” covered include Bose-
Einstein condensates - a phenomena that occurs at liquid helium temperature, 
and novel condensed matter phenomena that emulates black holes and quantum 
gravity. More recently Greenleaf et al. (2007) describe virtual magnetic 
monopoles and wormholes in electromagnetic metamaterials. Their work is 
analogous to electromagnetic and acoustic cloaking. We do not review cloaking 
“applications” and focus only on cosmology models. An extensive review of 
analog gravity is given by Barcelo et al. (2011).  
 
Cheng et al (2010) describes experimental electromagnetic black holes at 
frequencies 10s of gigahertz. Their device consisted of split ring dielectrics, a 
common approach to electromagnetic metamaterials. On a much smaller scale, 
in the optical regime, Genov et al. (2009) propose and conduct extensive 
simulations of optical black holes in photonic crystals. This is valid because, as 
pointed out in the quote by de Felice (1971) at the beginning of this paper, the 
“language” of classical optics and Riemannian geometry for gravity is isomorphic. 
We now turn out attention to reviewing a few papers on optical black holes.  
 
Philbin, et al. (2008), uses ultra-short laser pulses to affect the microstructure of 
optical fibers; in other words to modulate the refractive index. These modulations, 
or perturbations, travel down the optical fiber and an infrared laser pulse is used 
as a probe. They measure a 13nm blue-shift at a white hole event horizon.  In 
similar work in optical fibers, Belgiorno et al. (2010a, 2010b), Cacciatori et al. 
(2010) and Belgiorno et al. (2011) use a graded index optical fibers with Bessel 
function refractive index. They measured Hawking radiation.  
 
Somlyaninov and his colleagues have done extensive work, both in 
computational simulation and laboratory work, in studying artificial cosmological 
systems. Here we will briefly review some of that work. Smolyaninov (2011) and 
Smolyaninov and Smolyaninov (2010) describes that optical space in 
metamaterials may be engineered to mimic the landscape of a multidimensional 
universe. The nonlinear optics in these materials emulates the symmetries of 
Kaluza-Klein theories including particle creation showing flashes of light 
reminiscent of singularities at the birth of universes. Later, Smolyaninov (2011) 
emulates virtual black hole creation by optically observing the thermal phase 
transition of a mixture of aniline and cyclohexane just below the critical 
temperature. In another paper (Smolyaninov and Hung, 2011) describe the 
modeling of time and big bang emulation in microfabricated plasmonic hyperbolic 
metamaterials. They show that in the microdevice multiple big bangs occur 
producing bursts of light. In a similar microfabricated device Smolyaninov and 
Hung (2013) observed simulated braneworld collisions and creations of 4-D 
spacetimes. Rather than construct the microdevice using lithography and 
etching, Smolyaninov et al (2013), use a ferrofluid and a magnetic field to align 
the fluidic particles to form a metamaterial for modulation of light at 1500 nm. 
Again they observe multiuniverse formation similar to phase changes. 
 
In much of the above Smolyaninov and his colleagues investigated big bangs 
and meta-universe formation, but these model systems lack causality, or world 
lines. Smolyaninov (2013) describes an electromagnetic metamaterial that 
demonstrates causality. Specifically, it involves modulation of electric dipoles in 
the metamaterial allowing signals to propagate in only one direction.  
 
 
3. Experimental System and Results 
 
In this section we describe the experimental system and the results. The 
experimental system is shown in Figure 5. A red diode laser (~365nm) is used to 
probe the interior of the phononic crystal. The light from the laser first enters a 5X 
beam spreader. The acoustic tube is a PZT8 ceramic with a resonance of 810 
kHz, and connected to quick-connect fittings from Kurt J. Lesker®. We chose to 
use these off-the-shelf fittings rather than custom-make something. The 
assembled device allows us includes a port for filling with acoustic fluids, and a 
separate port for internal electrical connection. The device also incudes quartz 
windows on either end. The light exiting the system is collected by a Thorlabs® 
F230SMA-B collimator and directed, via a fiber optic, into a Thorlabs® CCS 
spectrometer. The piezoceramic tube has an O.D of 2.252 cm, an I.D. of 2.052 
cm, and a length of 4.050 cm.  
 
 
 
Figure 5: Photo of the device used to produce analog black holes and for measuring the 
redshift. Inset photo shows the phononic crystal (0.5 mm magnetic steel balls) prior to 
completely inserting into the piezoacoustic tube. 
 
Figure 6 shows light from our device. Here it is powered up at 1.62MHz (second 
harmonic) and 10Vpp without the phononic crystal inserted. It shows the 
expected Bessel function behavior when po.  In a similar device, Higginson et al. 
(2004) measured the deflection of a laser beam by the acoustic deformations in 
the fluid and from those deflections calculated the pressures to be on the order of 
100 MPa with an applied 100kHz signal at 100 Vpp. Of course the acoustic 
pressure is directly related to the voltage of the applied signal to the transducer.  
 
 
 
Figure 6: Bessel function optical rings similar to Higginson et al. (2004) and Figure 1. 
The laser light is projected onto a centimeter gird. The camera is at a slight viewing 
angle. Camera pixels are saturating. There is a shadow of an internal connection to the 
piezotube shown in the image. (This wire-shadow was eliminated in subsequent work 
with the phononic crystal inserted.) 
 
 
When the acoustic cavity is filled with a hexagonal packed phononic crystal of 
5mm steel balls (see inset photo in Figure 5) we get the image shown in Figure 
7, which shows the expected hexagonal pattern from the light passing through 
the interior of the crystal. These individual light points are captured in the 
collimator and analyzed by the spectrometer. The entire acoustic cavity, and 
surrounding support plumbing, is filled with a glycerin to act as a dense acoustic 
transfer fluid.  
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Figure 7: Image of the light shining out of the phononic crystal. These light “blobs” are 
captured in the spectrometer to measure redshift. All the main blobs in the hexagonal 
pattern have similar redshift. This is likely due to the high degree of symmetry in the 
experimental system. 
 
 
 
Figure 8: Typical spectrometer data from one of the “light blobs” shown in Figure 7. Blue 
line is reference. Redshift is 0.8 nm (+/- 0.2).  Uncertainty is based on laser stability and 
average from several individual positions through the phononic crystal.  
 
 
With phononic crystals the optimum frequency (acoustic wavelength) to observe 
constructive and destructive interference occurs when the wavelength is about 
the same size as “atoms” in the crystal. In this case the “atoms” are steel balls 
5mm in diameter. Frequency would then be 258 kHz. The piezotube has a 
primary resonance of 810 kHz. This suggests a subharmonic of 202 kHz would 
be near optimal. Our experiments were done at a lower subharmonic of 101 kHz 
and at 10 Vpp square wave. 
 
When the transducer is now powered we get the expected constructive and 
destructive interference. To measure the change in pressure as a result of these 
constructive interferences, the light is captured in the spectrometer.  As shown in 
Figure 8, there is a red shift. The reference in the image is the light prior to 
applying the acoustic drive frequency. After applying the signal the light is shifted 
roughly 0.8nm. The pressures are much higher, high enough to produce the 
redshift, not unlike that produced when light passes through a gravity well next to 
a planet-sized object. The difference between these two frequency lines divided 
by the reference is known as the redshift and given by: 
 !z = λo −λeλe =0.0013  . 
The Schwarzschild radius near a black hole is given by (see Bergmann, 1968): 
 !Rs = 2GMc2   
where G is the gravitational constant, M is the mass of the cosmological object 
(e.g. black hole) and c is the speed of light. The redshift, z, is related through the 
equation: 
 !z =
11− Rs
r
−1   
where r is the radius of the hole, or as we will see, the radius of a planet. 
Substituting and solving, we get: 
 !
M
r
=
1− 11+ z⎛⎝⎜ ⎞⎠⎟ 22G
c2
  
Simplifying and substituting the constant values:  
 !Mr = z c2G =0.0013 8.94*10166.67*10−11 =1.74*1024  . 
This gives the mass to radius in SI units. Thus the “cosmological object” 
simulated in the lab has a mass to radius ratio similar to a planet. This is 
deduced from the redshift. 
 
We would now like to compute the pressure at these optical singularities. Using 
concepts from astrophysics and condensed matter physics, we can calculate the 
pressure from the redshift. When light travels from a distant galaxy, for example, 
it is redshifted. This is believed to be due to the expansion of the universe. A 
more modern explanation, at the cutting edge of cosmology, is that the light is 
slightly absorbed by interstellar matter and this circumvents the dark energy 
explanation as the driving force for the expansion of the universe (Unger and 
Smolin, 2015). Chen and Kantowski (2008, 2009a, 2009b) describe other 
possible causes for the observed cosmological redshift. They give the 
relationship: 
 !(1+ zn)= n(to)n(te ) 1+ z( )   
where z’s are change in wavelength and the n’s are refractive index. A more 
elementary equation for this comes from optics and is simply: 
 
 !n2 = n1 λ2λ1⎛⎝⎜ ⎞⎠⎟ =1.4749* 637.4636.6⎛⎝⎜ ⎞⎠⎟ =1.4768   
Which can be derived from the relation !c = niυi . In this equation we have inserted 
the numerical values of the wavelengths associated with the redshift and also the 
refractive index. Given c we can equate two similar relations for different 
refractive indices and wavelengths. Using the wavelengths in Figure 8 and the 
initial refractive index of glycerin as 1.4749 we compute the new refractive index 
to be 1.4768. Interpolating on an exponential fit of the data from Poulter et al. 
(1932) we find the pressure to be 70MPa at 10 Vpp and 101kHz. 
 
 
4. Discussion and Future Experiments 
 
Of course we are not creating an actual black hole in the lab. But we have 
demonstrated optical space singularities with properties similar to black holes. 
This is completely in agreement with the opening quote to this manuscript. Our 
approach uses phononic crystals in which we induce, with high-frequency sound, 
high-pressure nodes in the interior of the crystal. Examination of the device with 
acoustic signal off and again on, we are able to compare the shift in laser light 
passing through the crystal.  
 
In future experiments we will use a stabilized gas laser to minimize line drift. We 
will also be studying the same system described above at multiple frequencies 
and higher voltages.  
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